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.2i2+iBQM M/ GQ+iBQM Q7 LQMHBM2`BiB2b mbBM;
_2+BT`Q+Biv "`2F/QrM
J: qQQ/1,2- C1h S2MMv1 M/ JA 6`Bbr2HH3
1 a+?QQH Q7 1M;BM22`BM; M/ TTHB2/ a+B2M+2- biQM lMBp2`bBiv- "B`KBM;?K "9 d1h- lE
2 J2+?MB+H 1M;BM22`BM;- lMBp2`bBiv Q7 a?2{2H/- a?2{2H/ aj dZ"- lE
3 *QHH2;2 Q7 1M;BM22`BM;- arMb2 lMBp2`bBiv- arMb2 aR 31L- lE
1@KBH, DX2XiXT2MMv!biQMX+XmF
#bi`+iX .K;2 BM  bi`m+im`2 Q7i2M `2bmHib BM HQ+H biBzM2bb MQMHBM2`BiB2b M/ /2i2+iBM;
i?2b2 MQMHBM2`BiB2b +M #2 mb2/ iQ KQMBiQ` i?2 ?2Hi? Q7 i?2 bi`m+im`2X Ai Bb r2HH@FMQrM i?i
MQMHBM2`BiB2b BM bi`m+im`2b H2/ iQ  #`2F/QrM BM `2+BT`Q+Biv- r?2`2 i?2 7`2[m2M+v `2bTQMb2
7mM+iBQM #2ir22M irQ TQBMib QM i?2 bi`m+im`2 /2T2M/b mTQM i?2 7Q`+BM; HQ+iBQMX h?Bb TT2`
T`QTQb2b  K2bm`2 iQ [mMiB7v i?2 H2p2H Q7 MQM@`2+BT`Q+Biv BM  bi`m+im`2 M/ BMp2biB;i2b i?2
2z2+i Q7 i?2 HQ+iBQM M/ 7Q`K Q7 MQMHBM2`Biv QM i?Bb MQM@`2+BT`Q+Biv K2bm`2X  bBKmHi2/
/Bb+`2i2 Kbb@bT`BM; bvbi2K rb mb2/ iQ /2i2`KBM2 i?2 2z2+i Q7 i?2 2t+BiiBQM M/ `2bTQMb2
HQ+iBQMb QM i?2 #BHBiv iQ /2i2+i i?2 MQMHBM2`BivX ai2TT2/@bBM2 i2biBM; Bb +QKKQMHv mb2/ iQ
+?`+i2`Bb2  MQMHBM2` bvbi2K bBM+2 ?`KQMB+ 2t+BiiBQM 2KT?bBb2b MQMHBM2` T?2MQK2M
M/ +M- 7Q` 2tKTH2- HHQr i?2 bvbi2K iQ 2t?B#Bi KmHiBTH2 bQHmiBQMbX h?mb-  bBKmHiBQM
Q7  bi2TT2/ bBM2 i2bi rb mb2/ b i?2 #2M+?K`F iQ ?B;?HB;?i `2+BT`Q+Biv #`2F/QrM BM i?2
KQbi 7pQm`#H2 +b2X >Qr2p2`- BKT+i 2t+BiiBQM Bb Km+? 2bB2` M/ 7bi2` iQ BKTH2K2Mi BM
T`+iB+2 M/ +QMb2[m2MiHv i?2 2z2+i Q7 i?2 ivT2 Q7 2t+BiiBQM QM i?2 /2i2+iBQM M/ HQ+iBQM Q7
MQMHBM2`BiB2b rb +QMbB/2`2/X 6BMHHv- i?2 T`QbT2+ib 7Q` mbBM;  K2bm`2 Q7 `2+BT`Q+Biv BM 
bi`m+im`H ?2Hi? KQMBiQ`BM; bvbi2K `2 /Bb+mbb2/X
RX AMi`Q/m+iBQM
PT2`iBQMH BMi2;`Biv Bb M 2bb2MiBH `2[mB`2K2Mi 7Q` Mv bi`m+im`2X hvTB+HHv bi`m+im`2b +QKT`Bb2
M bb2K#Hv Q7 +QKTQM2Mi T`ib- bQK2 Q7 r?B+? Kv HHQr 2bv ++2bb iQ bb2bb i?2 `Q#mbiM2bb
Q7 i?Qb2 BM/BpB/mH +QKTQM2Mib i?`Qm;? mbBM; 2Bi?2` pBbBQM@#b2/ i2+?MB[m2b Q` MQM@/2bi`m+iBp2
2tKBMiBQM K2i?Q/b (R- k)X *QMp2`b2Hv- bQK2 T`ib Q7  bi`m+im`2 Kv MQi #2 ++2bbB#H2 M/ 
pBbmH BMbT2+iBQM Q` +QMp2MiBQMH MQM@/2bi`m+iBp2 i2biBM; K2i?Q/b +MMQi #2 TTHB2/X
a72iv +`BiB+H bi`m+im`2b `M;2 7`QK +QKTQbBi2 B`+`7i bFBMb M/ TM2Hb iQ +QM+`2i2 Mm+H2`
+QMiBMK2Mib M/ bQ i?2 BK Q7 T`2p2MiiBp2 KBMi2MM+2 Bb iQ B/2MiB7v /K;2 rBi?BM i?2b2
bi`m+im`2b b 2`Hv b TQbbB#H2X AM i?2b2 +b2b- /K;2 Bb KQbi /B{+mHi iQ /2i2+i B7 Bi ?b Q++m``2/
/22T rBi?BM  bi`m+im`2 rv 7`QK /B`2+i ++2bb 7Q` biM/`/ MQM@BMpbBp2 bb2bbK2MiX h?mb 
;`2i /2H Q7 `2b2`+? M/ BMMQpiBQM ?b +2Mi`2/ mTQM B/2MiB7vBM; /K;2 rBi?BM +QMiBMmQmb
bi`m+im`2b rBi?Qmi i?2 M22/ 7Q` /B`2+i ++2bb (j)X
JMv TT`Q+?2b iQ /K;2 HQ+iBQM rBi?BM bi`m+im`2b BMpQHp2 i?2 mb2 Q7 pB#`iBQM BM QM2 7Q`K
Q` MQi?2` bBM+2 Bib TTHB+iBQM Bb MQM@/2bi`m+iBp2 (9)X AM i?2 +b2 Q7 b72iv +`BiB+H bi`m+im`2b-
pB#`iBQM #b2/ BMbT2+iBQM Bb M TT`Q+? i?i b?Qrb ;`2i T`QKBb2 (8)X oB#`iBQM i2biBM;
T`QpB/2b  r2Hi? Q7 /i M/ i?2 BMi2`T`2iiBQM Q7 i?2 /i M/ i?2 +QK#BMiBQM Q7 QmiTmib
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T`Qp2b KQbi mb27mH BM /K;2 HQ+iBQM (e)X  MmK#2` Q7 mi?Q`b ?p2 //`2bb2/ i?2 T`Q#H2K Q7
[mMiB7vBM; i?2 K;MBim/2 M/ HQ+iBQM Q7 /K;2 rBi?BM pB#`iBM; bi`m+im`2b (d)X PM2 TT`Q+?
iQ /K;2 HQ+iBQM mbBM; pB#`iBQM Bb iQ mb2 MQM@`2+BT`Q+Biv b  K2bm`2 (3- N)c JMbQM 2i HX
(Ry) T`QpB/2/ M BMi2`T`2iiBQM Q7 MQM@`2+BT`Q+Biv rBi?  bQmM/ Ki?2KiB+H #bBbX
h?Bb TT2` BMp2biB;i2b i?2 MQM@`2+BT`Q+H pB#`iBQM QmiTmib 7`QK M B/2HBb2/ /Bb+`2i2 bvbi2K
i?i bBKmHi2b /K;2 #v  bBKTH2 MQMHBM2` bT`BM;X  b+H` #b2/ QM i?2 K2bm`2/ /i
#2ir22M `2+BT`Q+H HQ+iBQMb Bb T`QTQb2/ iQ [mMiB7v i?2 +?M;2 Q7 bii2 UBX2X /K;2VX
kX LQM@_2+BT`Q+Biv
h?2 pB#`iBQM /i 7`QK  bi`m+im`2 Q` bvbi2K mM/2` BMp2biB;iBQM Bb mbmHHv Q#iBM2/
2tT2`BK2MiHHv iQ pHB/i2  Ki?2KiB+H KQ/2H i?i `2T`2b2Mib Bib #2?pBQm`X am+?
Ki?2KiB+H KQ/2Hb Kv #2 HBM2`Bb2/ iQ /2b+`B#2 +?`+i2`BbiB+b bm+? b i?2 Mim`H
7`2[m2M+B2b- /KTBM; `iBQb M/ KQ/2 b?T2b (RR)X h?mb- BM i?2 T`+iB+H +b2 Q7 T2`BQ/B+
KQMBiQ`BM;- Mv +?M;2b BM i?2b2 T`K2i2`b b?QmH/ B/2MiB7v /K;2 rBi?BM  bi`m+im`2X
h?2 T`BM+BTH pB#`iBQMH bB;Mim`2 Q7 Mv bi`m+im`2 Q` bvbi2K Q#iBM2/ i?`Qm;? pB#`iBQM
i2biBM; Bb i?2 6`2[m2M+v _2bTQMb2 6mM+iBQM U6_6VX  +QKKQM ivT2 Q7 6_6 Bb i?2 AM2`iM+2-
A(ω)- ;Bp2M #v
A(ω) = −ω2α(ω) = −ω2(K− ω2M+ ıωC)−1 URV
r?2`2 M- K M/ C `2 i?2 Kbb- biBzM2bb M/ /KTBM; Ki`B+2b Q7 i?2 HBM2`Bb2/ bvbi2K- M/
α Bb i?2 _2+2TiM+2X Ajk(ω) Bb i?2 ++2H2`iBQM `2bTQMb2 i TQBMi j /m2 iQ  mMBi ?`KQMB+2t+BiiBQM Q7 7`2[m2M+v ω i TQBMi k- rBi? MQ Qi?2` 7Q`+2b #2BM; TTHB2/ iQ i?2 bvbi2KX Ajk(ω)Kv HbQ #2 2tT`2bb2/ BM i2`Kb Q7 i?2 Mim`H 7`2[m2M+B2b M/ KQ/2 b?T2bc 7Q` KQ/H /KTBM;
i?2 AM2`iM+2 Bb
Ajk(ω) = −ω2
n∑
i=1
{φi}j {φi}k
ω2i − ω2 + 2ıζiωiω
UkV
r?2`2 ωi M/ ζi `2 i?2 i i? Mim`H 7`2[m2M+v M/ /KTBM; `iBQ- {φi}j M/ {φi}k `2 i?2 j i?M/ k i? 2H2K2Mib Q7 i?2 i i? KQ/2 b?T2- M/ ı = √−1X
M BKTQ`iMi +?`+i2`BbiB+ Q7 Mv HBM2` bi`m+im`2 Bb Bib `2+BT`Q+H #2?pBQm`X h?mb- B7 
bi`m+im`2 Bb HBM2`- i?2M Ajk(ω) Kmbi 2[mH Akj(ω)X >Qr2p2`- i?2 6_6 +M #2 z2+i2/ #vMQM@HBM2`BiB2b BM i?2 bi`m+im`2 M/ #v i?2 i2biBM; `2;BK2X 6Q` 2tKTH2-  bvbi2K rBi?  +m#B+@
biBzM2bb +?`+i2`BbiB+ +M 2t?B#Bi  MQMHBM2` `2bTQMb2- bm+? b bQ7i2MBM; Q` ?`/2MBM; #2?pBQm`-
Q` DmKTb BM i?2 `2bTQMb2- /m2 iQ i?2 ivT2 M/ H2p2H Q7 2t+BiiBQMX 6`QK  Tm`2Hv T?vbB+H
T2`bT2+iBp2- `2;`/H2bb Q7 i?2 H2p2Hb Q7 +`2 2KTHQv2/ BM i?2B` KMm7+im`2- HH bi`m+im`2b +QMiBM
BKT2`72+iBQMb Q` ~rb `M;BM; 7`QK KB+`Qb+QTB+ pQB/b iQ Ki2`BH B``2;mH`BiB2b M/ #Qi? `2bmHi
BM HQ+H MQMHBM2`BivX am#D2+i iQ HQ/BM; 2p2M rBi?BM i?2B` QT2`iBQMH 2Mp2HQT2b- i?2b2 bi`m+im`H
pQB/b M/ Ki2`BH B``2;mH`BiB2b #2+QK2 T`2+m`bQ`b Q7 T?vbB+H /K;2 r?2`2#v `2T2i2/ M/ f
Q` +v+HB+ HQ/BM; T`QT;i2 M/ K;MB7v i?i /K;2 mbBM; i?2 Q`B;BMH pQB/b M/ B``2;mH`BiB2b
b Bib bQm`+2 (Rk)X
PM2 K2bm`2 Q7 MQM@`2+BT`Q+Biv Kv #2 2tT`2bb2/ b i?2 .Bz2`2M+2 Q7 _2+BT`Q+Biv #2ir22M
/2;`22b Q7 7`22/QK j M/ k U.Q_jkV- r?2`2 i?2 #bQHmi2 /Bz2`2M+2 Bb p2`;2/ Qp2` i?2 7`2[m2M+v`M;2 [ω1, ω2]- b
DoRjk =
∫ ω2
ω1
|Ajk −Akj |dω UjV
AM Q`/2` 2M?M+2 i?Bb /Bz2`2M+2- i?2 `2+BT`Q+Biv Kv #2 MQ`KHBb2/ iQ ;Bp2 i?2 LQM
_2+BT`Q+Biv AM/2t UL_AjkV b
NRIjk = 2
∫ ω2
ω1
|Ajk −Akj | dω
/∫ ω2
ω1
|Ajk|+|Akj | dω = 2DoRjk
/∫ ω2
ω1
|Ajk|+|Akj | dω U9V
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h?2 7`2[m2M+v `M;2 [ω1, ω2] +M 2Bi?2` +Qp2`  r?QH2 7`2[m2M+v `M;2 Q7  i2bi- Q` 7Q+mb QMbT2+B}+ `2bQMM+2bX AM i?2 2tKTH2b mb2/ BM i?Bb TT2` i?2 .Q_ M/ L_A rBHH #2 ;Bp2M 7Q` 2+?
`2bQMM+2- bBM+2 i?2 2z2+i Q7 i?2 HQ+iBQM Q7 i?2 7Q`+2 M/ `2bTQMb2 /2;`22b Q7 7`22/QK- M/ i?2
HQ+iBQM Q7 i?2 MQMHBM2`Biv- rBHH z2+i i?2 MQM@`2+BT`Q+Biv Q7 2+? `2bQMM+2 /Bz2`2MiHvX
h?2 /2}MBiBQMb Q7 .Q_ M/ L_A BM 1[bX UjV M/ U9V `2 ;Bp2M BM i2`Kb Q7 AM2`iM+2- b Q7i2M
++2H2`iBQM Bb K2bm`2/ 2tT2`BK2MiHHvX >Qr2p2`- _2+2TiM+2 Q` JQ#BHBiv Kv #2 mb2/- r?B+?
rBHH ;Bp2  bHB;?iHv /Bz2`2Mi r2B;?i iQ i?2 6_6b i 2+? 7`2[m2M+vc ?Qr2p2` i?Bb rBHH ?p2 
HBKBi2/ BM~m2M+2 QM i?2 +QM+HmbBQMb 7`QK i?2 .Q_ M/ L_A 7Q` 2+? `2bQMM+2 b i?2 7`2[m2M+v
`M;2 rBHH ivTB+HHv #2 bKHHX AM/22/ i?2 L_A pHm2b 7Q` bKHH 7`2[m2M+v `M;2b rBHH #2 p2`v
bBKBH` 7Q` HH ivT2b Q7 6_6b #2+mb2 Q7 i?2 BM?2`2Mi MQ`KHBbiBQMX
jX JQ/H `2bTQMb2b 7Q` r2F MQMHBM2`BiB2b
.K;2 Bb Q7i2M HQ+H M/ i?2 `2bmHiBM; MQMHBM2`BiB2b `2 `2HiBp2Hv r2FX AM i?Bb +b2 i?2
/vMKB+b Q7 i?2 KmHiB@/2;`22@Q7@7`22/QK bvbi2K +M #2 mM/2`biQQ/ #v i`Mb7Q`KBM; iQ i?2 KQ/2b
Q7 i?2 mM/2`HvBM; HBM2` bvbi2KX h?Bb HbQ ?2HTb iQ mM/2`biM/ i?2 K;MBim/2 Q7 i?2 /Bz2`2M+2b
UBX2X i?2 .Q_ M/ ._A pHm2bV +mb2/ #v i?2 MQMHBM2`Biv- b  7mM+iBQM Q7 i?2 7Q`+BM; HQ+iBQM
M/ i?2 HQ+iBQM Q7 i?2 MQMHBM2`BivX h?Bb +M #2 /2KQMbi`i2/ 2tTHB+BiHv mbBM;  bBM;H2 +m#B+
bT`BM;- #mi  bBKBH` MHvbBb M/ +QM+HmbBQMb +QmH/ #2 mM/2`iF2M 7Q` Qi?2` MQMHBM2`BiB2bX
amTTQb2  +m#B+ bT`BM; Bb HQ+i2/ #2ir22M /2;`22b Q7 7`22/QK r M/ s- i?2M i?2 2[miBQMb Q7
KQiBQM `2
Mq¨+Cq˙+Kq+ htx3c = f0f(t) U8V
r?2`2 q Bb i?2 p2+iQ` Q7 ;2M2`HBb2/ +QQ`/BMi2b- h Bb i?2 +Q2{+B2Mi Q7 i?2 +m#B+ bT`BM; M/ xcBb i?2 `2HiBp2 /BbTH+2K2Mi Q7 i?Bb bT`BM;X AM 1[X U8V- p2+iQ` t +QMbBbib Q7 x2`Qb- 2t+2Ti 7Q` 1
BM TQbBiBQM r M/ −1 BM TQbBiBQM s- M/ i?2 p2+iQ` f0 Bb  p2+iQ` Q7 x2`Qb- rBi?  1 iQ b2H2+i i?22t+BiiBQM HQ+iBQMX
amTTQb2 MQr i?i i?2 bvbi2K Bb 2t+Bi2/ +HQb2 iQ i?2 i i? Mim`H 7`2[m2M+v Q7 i?2 HBM2` bvbi2K-
rBi? i?2 +Q``2bTQM/BM; KQ/2 b?T2 φiX LQi2 i?i ?2`2 r2 HbQ bbmK2 HB;?i /KTBM; UQ` i H2biKQ/H /KTBM;V M/ bQ φi `2T`2b2Mib i?2 `2H Kbb MQ`KHBb2/ KQ/2 b?T2 Q7 i?2 mM/KT2/bvbi2KX q2 rBHH bbmK2 i?i i?2 `2bTQMb2 Bb Q7 i?2 7Q`K
q(t) = φipi(t) UeV
r?2`2 pi Bb i?2 b+H` KQ/H +QQ`/BMi2X h?Bb BKTHB2b i?i /2;`22b Q7 7`22/QK pB#`i2 bTiBHHvb i?2 KQ/2 b?T2- r?B+? rBHH #2 QMHv TT`QtBKi2Hv i`m2- 2p2M 7Q` r2F MQMHBM2`BiB2bX
h`Mb7Q`KBM; i?2 2[miBQM Q7 KQiBQM iQ i?2 KQ/H +QQ`/BMi2 pi ;Bp2b
p¨i + 2ζiωip˙i + ω
2
i pi + h
(
φ⊤i t
)
x3c =
(
φ⊤i f0
)
f(t) UdV
h?2 `2HiBp2 /BbTH+2K2Mi Q7 i?2 +m#B+ bT`BM;- xc- +M #2 2tT`2bb2/ BM i2`Kb Q7 i?2 p2+iQ`b t M/
q i?mb,
xc = t
⊤q U3V
>2M+2
xc =
(
t⊤φi
)
pi =
(
φ⊤i t
)
pi, UNV
M/ 1[X UdV #2+QK2b
p¨i + 2ζiωip˙i + ω
2
i pi + h
(
φ⊤i t
)4
p3i =
(
φ⊤i f0
)
f(t) URyV
Ai Bb MQr +H2` ?Qr i?2 /Bz2`2Mi KQ/2- 7Q`+2 HQ+iBQM M/ MQMHBM2` bT`BM; HQ+iBQM z2+ib i?2
MQMHBM2` `2bTQMb2X h?2 KQ/H 7Q`+2 Bb ;Bp2M #v (φ⊤i f0)- r?B+? Bb MQi z2+i2/ #v i?2 MQMHBM2`
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m1
f t1( )
k , h22
c1 c2
m2
f t2( )
c3
q1( )t q2( )t
m3
f t3( )
c4
q3( )t
m4
f t4( )
c5
q4( )t
k , h11 k , h33 k , h44 k , h55
k ,6 h6 k ,7 h7
6B;m`2 RX  b+?2KiB+ Q7 i?2 /Bb+`2i2 7Qm` /2;`22b Q7 7`22/QK bvbi2KX
bT`BM;X h?2 +m#B+ bT`BM; +Q2{+B2Mi Bb b+H2/ #v (φ⊤i t)4- r?B+? /2T2M/b QM i?2 KQ/2 b?T2Q7 BMi2`2bi UBX2X i?2 7`2[m2M+v Q7 2t+BiiBQMV M/ i?2 HQ+iBQM Q7 i?2 MQMHBM2`BivX h?Bb rBHH #2
2tTHQ`2/ 7m`i?2` BM i?2 7QHHQrBM; 2tKTH2bX
9X JbbfbT`BM; 2tKTH2 rBi? bi2TT2/ bBM2 2t+BiiBQM
h?2 H+F Q7 `2+BT`Q+Biv- M/ Bib /2T2M/2M+2 QM i?2 HQ+iBQMb Q7 i?2 2t+BiiBQM M/ MQMHBM2`Biv- rBHH
MQr #2 /2KQMbi`i2/ 7Q`  /Bb+`2i2 Kbb@bT`BM; bvbi2K rBi?  +m#B+ bT`BM; BM+Hm/2/ b2H2+iBp2Hv
i  MmK#2` Q7 HQ+iBQMbX h?2 bvbi2K Bb i?2 7Qm` /2;`22 Q7 7`22/QK bvbi2K b?QrM BM 6B;m`2 R-
r?2`2 ki M/ hi `2T`2b2Mi i?2 HBM2` M/ +m#B+ +Q2{+B2Mib 7Q` bT`BM; iX AM HH bBKmHiBQMb i?2HBM2` bT`BM;b ?p2 biBzM2bb ki = 1 FLfK 7Q` i = 1, . . . , 5 M/ k6 = k7 = 0X h?2 /Bb+`2i2 Kbb2b`2 m1 = 4 F;- m2 = 1 F;- m3 = 3 F;- M/ m4 = 2 F;X h?2 Mim`H 7`2[m2M+B2b Q7 i?2 HBM2`bvbi2K `2 2.03- 3.39- 5.52 M/ 7.71>x- M/ /Bb+`2i2 /KT2`b `2 BM+Hm/2/ iQ ;Bp2 /KTBM;
`iBQb Q7 0.5% 7Q` HH 7Qm` KQ/2bX h?2 KQ/2 b?T2b `2
φ1 =


0.268
0.361
0.396
0.236


, φ2 =


0.397
0.076
−0.280
−0.255


, φ3 =


0.076
−0.214
−0.247
0.611


, φ4 =


−0.122
0.904
−0.193
0.072


. URRV
PMHv QM2 +m#B+ bT`BM; Bb bBKmHi2/ 7Q` 2+? +b2- M/ ?2M+2 QMHv QM2 Q7 i?2 hi +Q2{+B2MibBb MQM@x2`QX h#H2 R b?Qrb i?2 pHm2b Q7 i?2 2[mBpH2Mi KQ/H +QMbiMib 7Q` p`BQmb HQ+iBQMb
Q7 i?2 MQMHBM2` bT`BM;- M/ 7Q` i?2 7Qm` KQ/2bX h?2 pHm2b 7Q` i?2 ;`QmM/2/ bT`BM;b `2 Dmbi
i?2 K;MBim/2 Q7 i?2 +Q``2bTQM/BM; KQ/2 b?T2b 2H2K2Mi- M/ i?Bb HbQ +Q``2bTQM/b iQ i?2
`2HiBp2 KQ/H 7Q`+2 7Q` i?2 2t+BiiBQM i i?Bb HQ+iBQMX h?2 i#H2 +H2`Hv b?Qrb i?i #Qi? i?2
KQ/2 MmK#2` M/ i?2 HQ+iBQM Q7 i?2 +m#B+ bT`BM; rBHH ?p2  bB;MB}+Mi 2z2+i QM i?2 H2p2H Q7
2t+BiiBQM Q7 i?2 MQMHBM2`BivX
9XRX >`KQMB+ #HM+2 7Q` bBMmbQB/H 2t+BiiBQM
h?2 MQMHBM2` bvbi2K /Bz2`2MiBH 2[miBQMb +M #2 bQHp2/ BM i?2 iBK2 /QKBM mbBM;  biM/`/
MmK2`B+H iBK2 bi2TTBM; T`Q+2/m`2 bm+? b i?2 9i? Q`/2` _mM;2@Emii i?i bBKmHi2b i?2
2tT2`BK2MiH bi2TT2/ bBM2 i2biX >Qr2p2`- ?2`2 QMHv i?2 7`2[m2M+v /QKBM BM7Q`KiBQM Bb `2[mB`2/-
M/ Bi Bb KQ`2 2{+B2Mi iQ mb2 i?2 ?`KQMB+ #HM+2 U>"V K2i?Q/X AM KMv +b2b- i?2 >" K2i?Q/
T`QpB/2b  7bi2` K2i?Q/ Q7 bQHmiBQM Hi?Qm;? 7Q`  bvbi2K T`Q/m+BM;  +?QiB+ `2bTQMb2 i?Bb
bQHmiBQM Bb MQi pHB/X h?2 K2i?Q/ bbmK2b i?i i?2 `2bTQMb2 Q7  bvbi2K +M #2 2tT`2bb2/ b 
i`mM+i2/ 6Qm`B2` b2`B2b- rBi?  /2}M2/ 7mM/K2MiH 7`2[m2M+v ωf X a?QmH/ i?2 `2bTQMb2 +QMiBMbm#?`KQMB+b i?2M i?2 2t+BiiBQM 7`2[m2M+v- ω- rBHH #2 M BMi2;2` KmHiBTH2 Q7 i?2 `2bTQMb2 Q7 i?2
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h#H2 RX JQ/H +QMbiMib 7Q` bT`BM; HQ+iBQMb- |φ⊤i t|X  x2`Q 7Q` i?2 HQ+iBQM BM/B+i2b ;`QmM/2/ bT`BM;X aQK2 +b2b /Q MQi +Q``2bTQM/ iQ  bT`BM; HQ+iBQM ;Bp2M BM 6B;m`2 RX
aT`BM; GQ+iBQM hi JQ/2 R JQ/2 k JQ/2 j JQ/2 9
UR-kV h2 yXyNj yXjkR yXkNR RXykdUk-jV h3 yXyj9 yXj88 yXyjj RXyN3Uj-9V h4 yXR8N yXyk9 yX38N yXke8UR-jV yXRk3 yXede yXjkj yXydR
Uk-9V yXRk8 yXjjR yX3ke yX3jj
UR-9V yXyjk yXe8k yX8j8 yXRN9
Uy-RV h1 yXke3 yXjNd yXyde yXRkkUy-kV h6 yXjeR yXyde yXkR9 yXNy9Uy-jV h7 yXjNe yXk3y yXk9d yXRNjUy-9V h5 yXkje yXk88 yXeRR yXydk
7mM/K2MiH 7`2[m2M+v ωf X hQ bQHp2  bvbi2K mbBM; i?2 >" K2i?Q/ r2 bm#biBimi2 i?2 i`mM+i2/6Qm`B2` b2`B2b 7Q` i?2 `2bTQMb2 BMiQ i?2 2[miBQMb Q7 KQiBQM- M/ i?2 ?`KQMB+ +Q2{+B2Mib U2Bi?2`
+QbBM2b f bBM2b Q` +QKTH2t 2tTQM2MiBHbV Q7 i?2 7mM/K2MiH M/ ?`KQMB+ 7`2[m2M+B2b H2/ iQ
 b2i Q7 MQMHBM2` H;2#`B+ 2[miBQMbX 6Q` bBKTH2 MQMHBM2`BiB2b i?2 r2HH FMQrM i`B;QMQK2i`B+
B/2MiBiB2b +M #2 mb2/ iQ bBKTHB7v i?2 2[miBQMbX P7i2M i?Bb Bb MQi TQbbB#H2- M/ i?2 .Bb+`2i2
6Qm`B2` h`Mb7Q`K U.6hV Bb mb2/ iQ Q#iBM i?2 ?`KQMB+ +Q2{+B2Mib mbBM; i?2 Hi2`MiBM;
6`2[m2M+vfhBK2 U6hV K2i?Q/ (Rj)X
9XkX 6_6b M/ `2+BT`Q+Biv 7Q` i?2 2tKTH2 bvbi2K
h?2 BMBiBH 2tKTH2 TH+2b  +m#B+ bT`BM; #2ir22M /2;`22b Q7 7`22/QK 1 M/ 2c i?mb i?2 MQMHBM2`
+Q2{+B2Mib `2 h2 = 100LfK3- M/ hi = 0 7Q` i 6= 2X  bi2TT2/ bBM2 i2bi Bb T2`7Q`K2/ rBi? 7Q`+2 KTHBim/2 Q7 20L- M/ i?2 7`2[m2M+v Bb br2Ti mT 7`QK 1>x iQ 9>x rBi?  7`2[m2M+v
BM+`2K2Mi Q7 0.001 X h?2 7`2[m2M+v Bb i?2M br2Ti #+F /QrM iQ 1>xX h#H2 R b?Qrb i?i KQ/2
4 rBHH b?Qr i?2 bi`QM;2bi MQMHBM2` 2z2+i- 7QHHQr2/ #v KQ/2b 2 M/ 3 b?QrBM; bBKBH` 2z2+ib-
M/ KQ/2 1 b?QrBM;  bKHH 2z2+iX AM i2`Kb Q7 2t+BiiBQM- 7Q`+BM; i /2;`22 Q7 7`22/QK 2 rBHH
;2M2`i2 KQbi 7Q`+2 BMiQ KQ/2 4- M/ 7Q`+BM; i /2;`22 Q7 7`22/QK 4 rBHH T`Q/m+2 i?2 H2bi 7Q`+2X
>2M+2- 6B;m`2 k +QKT`2b i?2 6_6b #2ir22M /2;`22b 2 M/ 4 UBX2X A24 M/ A42V M/ #Qi? mTr`/M/ /QrMr`/ 7`2[m2M+v br22Tb `2 THQii2/X Ai Bb +H2` i?i KQ/2 4 b?Qrb  ?B;?2` MQMHBM2`
`2bTQMb2 i?i i?2 Qi?2` KQ/2b- b 2tT2+i2/X 6Q` A24- i?2 7Q`+BM; H2p2H Bb HQr- M/ i?2 `2bTQMb2Bb M2` HBM2`- rBi? MQ DmKTb BM i?2 `2bTQMb2X AM +QMi`bi- Q` A42- i?2 7Q`+BM; H2p2H Bb ?B;?- M/i?2 `2bTQMb2 b?Qrb  ?`/2MBM; #2?pBQm` M/ DmKTb BM i?2 `2bTQMb2X
h?2 .Q_ M/ L_A r2`2 +H+mHi2/ 7Q` i?2b2 `2bTQMb2b 7Q` 2+? KQ/2X h?2 7`2[m2M+v #M/b
mb2/ 7Q` 2+? KQ/2 b?QmH/ #2 H`;2 2MQm;? iQ 2Mbm`2 i?i Mv MQMHBM2` ?`/2MBM; Q` bQ7i2MBM;
#2?pBQm` Bb +Tim`2/- #mi bKHH 2MQm;? iQ 2Mbm`2  bBM;H2 KQ/2 `2bTQMb2 Bb BbQHi2/X 6Q` i?Bb
2tKTH2  7`2[m2M+v #M/rB/i? Q7 0.5>x Bb mb2/- +2Mi`2/ #Qmi i?2 Mim`H 7`2[m2M+v Q7 i?2
HBM2` bvbi2KX h?2 br22T mT M/ br22T /QrM `2 +QMbB/2`2/ b2T`i2HvX 6B;m`2b j M/ 9 b?Qr
i?2 +H+mHi2/ .Q_ M/ L_A M/ i?2`2 Bb HBiiH2 /Bz2`2M+2 #2ir22M i?2 mT M/ /QrM 7`2[m2M+v
br22TbX b 2tT2+i2/- i?2 .Q_ M/ L_A 7Q` KQ/2 4 Bb KQbi b2MbBiBp2 iQ i?2 MQMHBM2`Biv- M/
bBM+2 i?2 KQ/H 7Q`+2 KTHBim/2 7Q` KQ/2 4 Bb ?B;?2bi r?2M i?2 2t+BiiBQM Bb TTHB2/ iQ /2;`22 Q7
7`22/QK 2- i?2 .Q_ M/ L_A r?B+? BM+Hm/2 /2;`22 Q7 7`22/QK 2 `2 i?2 ?B;?2biX h?2 +QM+HmbBQMb
7`QK i?2 .Q_ M/ L_A `2bmHib `2 bBKBH`- #mi i?2 L_A b22Kb iQ ;Bp2 KQ`2 2KT?bBb2 iQ i?2
MQMHBM2` 2z2+ibX
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6B;m`2 9X h?2 LQM _2+BT`Q+Biv AM/2t 7Q` #Qi? mT M/ /QrM 7`2[m2M+v br22TbX
h?2 2z2+i Q7 7Q`+2 KTHBim/2 QM L_A2,3 Bb b?QrM BM 6B;m`2 8 M/- BM i?Bb +b2- i?2 L_ABM+`2b2b KQMQiQMB+HHv rBi? i?2 7Q`+2 KTHBim/2X h?2 KTHBim/2 Q7 i?2 L_A 7Q` KQ/2 4 Bb
?B;?2bi- 7QHHQr2/ BM Q`/2` #v KQ/2b 2- 1 M/ 3c 7`QK h#H2 R Bi KB;?i #2 i?Qm;?i i?i KQ/2 1
b?QmH/ ?p2 i?2 HQr2bi L_A- #mi i?2 KQ/H 7Q`+BM; M/ `2bTQMb2 Q#iBM2/ 7`QK i?2 KQ/2 b?T2b-
7Q` /2;`22b Q7 7`22/QK 2 M/ 3 `2 ?B;?2` 7Q` KQ/2 1 i?M KQ/2 3X
 b2+QM/ 2tKTH2 Bb MQr ;Bp2M 7Q`  ;`QmM/2/ +m#B+ bT`BM; i /2;`22 Q7 7`22/QK 2- BX2X
h6 = 100LfK3- M/ hi = 0 7Q` i 6= 6X 6B;m`2 e b?Qrb i?2 L_A 7Q` i?Bb +b2- M/ /2KQMbi`i2b
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6B;m`2 eX h?2 LQM _2+BT`Q+Biv AM/2t 7Q` #Qi? mT M/ /QrM 7`2[m2M+v br22Tb 7Q`  ;`QmM/2/
bT`BM; i .Q6 2X
i?i KQ/2b 1 M/ 4 MQr ?p2 i?2 ?B;?2bi L_A pHm2bX AM i?Bb +b2 KQ/2 1 ?b i?2 ?B;?2bi L_A
pHm2b #2+mb2 Q7 bB;MB}+MiHv ?B;?2` KQ/H 2t+BiiBQM M/ `2bTQMb2 pHm2bX
8X JbbfbT`BM; 2tKTH2 rBi? BKT+i 2t+BiiBQM
 +QKKQM 2t+BiiBQM K2i?Q/ Bb M BKT+i 7Q`+2- M/ ?2`2 i?Bb Bb KQ/2HH2/ mbBM;  ?H7 bBM2
TmHb2X h?2 2tKTH2 mb2/ rb i?2 bK2 4 /2;`22b Q7 7`22/QK Kbb@bT`BM; bvbi2K mb2/ 7Q` i?2
bi2TT2/ bBM2 i2biBM; rBi?  +m#B+ bT`BM; #2ir22M /2;`22b Q7 7`22/QK 1 M/ 2 rBi? +Q2{+B2Mi
h2 = 100LfK3- M/ hi = 0 7Q` i 6= 2X h?2 BKTmHb2 7Q`+2 ?b  T2F KTHBim/2 Q7 2000L M/ /m`iBQM Q7 25KbX h?2 `2bTQMb2 rb bBKmHi2/ BM i?2 iBK2 /QKBM mbBM;  9i? Q`/2` _mM;2@
Emii H;Q`Bi?K M/ i?2 6_6 rb Q#iBM2/ mbBM; i?2 .6hX h?2 .Q_ M/ L_A r2`2 Q#iBM2/
7Q` 2+? `2bQMM+2- Qp2`  7`2[m2M+v `M;2 Q7 0.5>x +2Mi`2/ #Qmi i?2 HBM2` Mim`H 7`2[m2M+B2b-
M/ i?2 `2bmHib `2 b?QrM BM 6B;m`2 dX h?2 `2bmHib `2 bHB;?iHv /Bz2`2Mi iQ i?Qb2 Q#iBM2/ 7`QK
i?2 bi2TT2/ bBM2 2t+BiiBQM- b?QrM BM 6B;m`2b j M/ 9- #mi KQ/2 4 Bb ;BM i?2 KQbi b2MbBiBp2
iQ i?2 MQMHBM2`Biv M/ /2;`22 Q7 7`22/QK 2 HbQ ;Bp2b ?B;? L_A pHm2bX
eX *QM+HmbBQMb
LQMHBM2` KmHiB@/2;`22 Q7 7`22/QK bvbi2Kb 2t?B#Bi MQM@`2+BT`Q+Biv BM i?2 K2bm`2/ 6_6b- M/
i?2 H2p2H Q7 /Bz2`2M+2 BM i?2 6_6b /2T2M/b QM i?2 HQ+iBQMb Q7 i?2 2t+BiiBQM- i?2 `2bTQMb2 b2MbQ`-
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